In this work, g-radical supplemented modules which is a proper generalization of g-supplemented modules are defined and some properties of these modules are investigated. It is proved that the finite sum of g-radical supplemented modules is g-radical supplemented. It is also proved that every factor module and every homomorphic image of a g-radical supplemented module is g-radical supplemented. Let R be a ring. Then RR is g-radical supplemented if and only if every finitely generated R-module is g-radical supplemented. In the end of this work, it is given two examples for g-radical supplemented modules seperating with g-supplemented modules.
INTRODUCTION
In this paper, all rings are associative with identity and all modules are unital left modules.
Let 
every submodule of M has a g-supplement in M . The intersection of maximal essential submodules of an R-module M is called a generalized radical of M and denoted by Rad g M . If M have no maximal essential submodules, then we denote Rad g M = M. Lemma 1.1 Let M be an R -module and K, L, N, T ≤ M . Then the followings are hold. [3, 5] (1) If K ≤ N and N is generalized small submodule of M , then K is a generalized small submodule of M .
(2) If K is contained in N and a generalized small submodule of N , then K is a generalized small submodule in submodules of M which contains submodule N .
Proof. See [3] .
Lemma 1.6
The following assertions are hold.
Proof. Clear from Lemma 1.1 and Lemma 1.5.
Proof.
Clearly we see that every g-supplemented module is g-radical supplemented. But the converse is not true in general (See Example 2.20 and Example 2.21).
Proof. Clear from Lemma 2.4.
Lemma 2.7 Every factor module of a g-radical supplemented module is g-radical supplemented.
Proof. Clear from Lemma 2.6.
Corollary 2.8
The homomorphic image of a g-radical supplemented module is g-radical supplemented.
Proof. Clear from Lemma 2.7.
Lemma 2.9 Let M be a g-radical supplemented module. Then every finitely M −generated module is g-radical supplemented.
Proof. Clear from Corollary 2.5 and Corollary 2.8. Corollary 2.10 Let R be a ring. Then R R is g-radical supplemented if and only if every finitely generated R−module is g-radical supplemented.
Proof. Clear from Lemma 2.9.
Lemma 2.12 Let M be a g-radical supplemented module and L ≤ M with L ∩ Rad g M = 0. Then L is semisimple. In particular, a g-radical supplemented module M with Rad g M = 0 is semisimple.
Proposition 2.13 Let M be a g-radical supplemented module. Then M = K ⊕ L for some semisimple module K and some module L with essential generalized radical.
Proposition 2.14 Let M be an R−module and U ≤ M . the following statements are equivalent.
(
There exists an idempotent e ∈ End (M ) with e (M ) ≤ U and (1 − e) (U ) ≤ Rad g (1 − e) (M ).
(3) There exists a direct summand X of M with X ≤ U and U/X ≤ Rad g (M/X).
(4) U has a g-radical supplement Y such that U ∩ Y is a direct summand of U .
Proof. (1) ⇒ (2) For a decomposition M = X ⊕ Y , there exists an idempotent e ∈ End (M ) with X = e (M ) and Y = (1 − e) (M ). Since e (M ) = X ≤ U , we easily see that (1 − e) (U ) = U ∩ (1 − e) (M ). Then by Y = (1 − e) (M ) and
(2) ⇒ (3) Let X = e (M ) and Y = (1 − e) (M ). Since e ∈ End (M ) is idempotent, we easily see that Clearly we see that every hollow module is generalized hollow. Definition 2.17 Let M be an R−module. If M has a large proper essential submodule which contain all essential submodules of M or M has no proper essential submodules, then M is called a generalized local module.
Clearly we see that every local module is generalized local. Proposition 2.18 Generalized hollow and generalized local modules are g-supplemented, so are g-radical supplemented.
